In the design of micro-electromechanical systems (MEMS) such as micro-resonators, dissipation mechanisms may have detrimental effects on the quality factor (Q), which is directly related to the response amplitude of the system excited at its natural frequency. One of the major dissipation phenomena to consider in such high-Q micro-systems is thermoelastic damping. Hence, the performance of such MEMS is directly related to their thermoelastic quality factor which has to be predicted accurately. Analytical models have been developed in the literature to assess thermoelastic damping. However, these models are based on very restrictive assumptions and can only be used for simple configurations such as bending beams or bars in extension. In order to investigate structures of complex geometry, a numerical approach is required. In this paper, the finite element method is used to study the effect of the anchor on the thermoelastic quality factor of clamped-clamped silicon beams. Moreover, the effect of fillet at the anchor/beam interface is investigated. It is shown that smoothing the junction between the beam and the anchor can be benefic for some configurations while it can be detrimental in others. This study highlights the importance to have tied manufacturing tolerances for the purpose of high-Q micro-resonators fabrication.
Introduction
Thermoelastic damping has been identified as an important loss mechanism in numerous high-Q micro-resonators, see for example Refs. [1, 2, 3, 4, 5] . The ability to accurately model and predict energy loss due to the thermoelastic effects is therefore a key requirement in order to improve the performance of high-Q resonators. Although most studies of thermoelastic quality factor till date have been based on analytical models, which are subject to very restrictive assumptions so that they are not sufficiently accurate to predict the behavior of complex 3-D structures. In this paper, a finite element formulation has been developed in order to analyze the behavior of systems that are not analytically tractable.
Micromachining processes yield shapes that are not geometrically perfect. Figure 1 shows an example of geometrical imprecisions induced by MUMPS fabrication process [6] . This shows that the process yields rounded corners instead of sharp 90°corners and a beam that is narrower by 20 00 than the layout width. Therefore, when designing a high-Q micro-resonator, it is important to study the influ- Figure 1 : Geometric errors induced by MUMPS fabrication process [6] .
ence of shape variation on its quality factor. This paper focuses on the analysis of clamped-clamped silicon beams. Due to manufacturing processes, the beam to anchor interface may be filleted instead of being sharp cornered and the beam width may also vary. The influence of such shape variation has therefore to be studied on the thermoelastic quality factor.
Firstly, thermoelastic damping in beam resonators is briefly reviewed and the thermoelastic finite element formulation is derived. Finally, finite element analyses are carried out to study the effect of the anchor on the thermoelastic quality factor of clamped-clamped silicon beams. Moreover, the effect of fillet at the anchor/beam interface is investigated.
Thermoelastic Damping
The basic notions of thermoelasticity are well known [7] . In isotropic solids with a positive thermal expansion coefficient, an increase of temperature creates an expansion and inversely, a decrease of temperature produces a compression. Similarly, an expansion lowers the temperature and a compression raises the temperature. Therefore, when a thermoelastic solid is set in motion, it is taken out of equilibrium, having an excess of kinetic and potential energy. The coupling between the strain and the temperature fields induces an energy dissipation mechanism which causes the system to return to its static equilibrium. The relaxation of the thermoelastic solid is achieved through the irreversible flow of heat driven by local temperature gradients that are generated by the strain field. Thermoelastic damping results from this dissipation which is not always measurable. When the vibration frequency is much lower than the relaxation rate, the solid is always in thermal equilibrium and vibrations are isothermal. On the other hand, when the bration frequency is much higher than the relaxation r the system has no time to relax and the vibrations are a( batic. Hence, it is only when the vibration frequency iz the order ofthe relaxation rate that the energy loss becoi appreciable.
Analytical Models
Zener [8] (4) where E is the Young modulus, a is the heat expansion coefficient, C, is the heat capacity at constant volume, To is the reference temperature and 4 is a dimensionless parameter which depends on the thermal diffusivity X = K/CV where K is the thermal conductivity, the beam thickness b and the isothermal frequency (0o,n: b = obx Lifshitz and Roukes (LR) [9] proposed an analysis based on the same fundamental physics but in which the transverse temperature profile is more accurately modeled. Their model gives the following expression for the inverse of the quality factor:
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The quality factors predicted by LR model differ from Zener's ones by between 2 % and 20 % depending on the value of the dimensionless parameter 4. Indeed, it can be showed that the quality factor given by equation (5) is bounded between two Lorentzians:
where the Lorentzian L is defined as L(rj)= I 1 11 +-
I as
For small values of 4, the quality factor tends to its lower 
It results from this comparison that expressions (4) and (5) differ by less than 2% on the isothermal side of the peak (low 4). While on the adiabatic side of the peak (high 4), the difference can reach 20 00. Hence, when considering configurations located on the adiabatic side of the peak, it is better to use LR model than Zener's approximation.
Finite Element Formulation
The analytical models are based on very restrictive assumptions and can only be used for simple beam-like configurations. Even if some work have been carried out to extend the analytical models to polycrystalline beams [10] , laminated beams [11] or uniform rings of rectangular cross-section [12] , in order to investigate complex structures (i.e. non rectangular geometry, anisotropic material,...), a numerical approach is required. The finite element method can be used to solve the dynamics of thermoelastic structures [13, 14] .
The thermoelastic finite element formulation can be derived from Hamilton's variational principle in which mechanical and thermal degrees of freedom are considered simultaneously. The displacement field u and the temperature increment 0 are related to the corresponding node values uu and u0 by the mean of the shape function matrices Nu and N0: u = Nuuu ( 9) 0 = Nou0. is the stiffness matrix due to thermo-mechanical coupling.
Matrices KUU and K(( are the stiffness matrices due to mechanical and thermal fields, respectively. Vectors Fu and F0 are the force vectors due to mechanical and thermal fields, respectively. Thermoelastic effects modify the quality factor of the response, inducing both damping and resonance frequency shift. In order to quantify the quality factor of a structure, a modal analysis has to be carried out. Equation (13) 
where cr and coi are the real and imaginary parts ofthe nth conjugate complex eigenvalue of Eq. (15) . Note that another way to determine the quality factor is to carry out a harmonic analysis and to derive the value ofthe quality factor from the frequency response function of the structure. All these finite element developments are implemented in a software called Oofelie ("Object Oriented Finite Element Led by Interactive Executer"). This software is written in C++ language so that it allows to solve multiphysic problems with strong coupling [15, 16] .
Clamped-clamped Silicon Beam
In numerous micro-resonators, the vibrating part consists in a clamped-clamped silicon beam. In this section, the test case beam has the following dimensions: a length L of 90 um, a height h of 4.5 um and a width w of 4.5 um Making use of the symmetry of the problem, only one half of the beam is modeled. The mesh comprises 80 elements along the half length and 8 elements along the vibrating height. The boundary conditions are such that one of the extremity is clamped and the symmetry conditions are imposed on the symmetry plane. The temperature increment of the central node of the clamped extremity is fixed to zero. Figure 3 represents the thermoelastic mode. The temperature increment field is coherent with the strain field: * The maxima of the temperature decrease and increase are located at the clamped extremity where the strain maxima are located.
* The temperature of the neutral fiber does not vary.
* The middle of the beam shows local maxima of the temperature decrease and increase.
The corresponding quality factor is equal to 13 258. The frequency shift due to the thermoelastic damping is equal to 2.2169e-5 and the attenuation is equal to 3.7713e-5.
of h, for which the beam can be considered as isothermal, to the adiabatic threshold value for large values of h. The attenuation exhibits a maximum for a beam height of 5.3 pum. The analytical and finite element models give similar results. As the beam height to length ratio increases, Poisson's effect is reinforced, leading to larger errors in LR model. Indeed, when the beam is not slender enough, Euler-Bernoulli assumption becomes too restrictive. Figure  5 shows the variation of the quality factor with the height of the beam. The quality factor reaches its minimum for a beam height of 5.3 pum. 
Effect of Beam Height
As predicted by the analytical models, the thermoelastic effects on the behavior of an oscillating beam depend on the aspect ratio of the beam. For a beam of a fixed length of 90 pum, the first natural frequency is calculated using the thermoelastic models as a function of its height. Figure 4 represents the frequency shift, which is given by 9i(O()/Oo, -1, and the attenuation, Z3(On)/V(o,n, where (0o,n is the isothermal natural frequency. The frequency shift increases with the height of the beam, but the slope decreases so that the frequency shift tends to reach an upper limit. The frequency shift varies from zero for small values Effect of anchor on the quality factor of C-C siliAnchors are added to the clamped-clamped beam in order to understand their influence on the thermal and mechanical fields. The anchor dimensions are such that they include most of the stress and temperature distribution that extend into the anchor structure [17] . The width w of the anchor is the same as the beam one, its height is equal to three times the height h of the beam and its length is equal to two beam heights ( Figure 6 ). The three sides of the anchor rectangle which are not attached to the beam (delimited by bold lines in Figure 6 ) are clamped. Due to the symmetry plane (represented by dotted lines in Figure 6 ), one half of the structure is modeled using quadrilateral finite elements. 4.021 0e7 4.4629e7 of the fillet radius on the quality factor, damping and resonant frequency for both the isothermal and adiabatic cases. A larger fillet induces an increase in the resonant frequency as the beam becomes effectively shorter. As the effective beam height increases near the beam to anchor junction, the effective relaxation time for damping in that region increases. In the isothermal case, the increase in the damping outpaces the increase in the resonant frequency, decreasing the quality factor. Conversely, in the adiabatic case, the increase in the resonant frequency outpaces the increase in the damping, giving a higher quality factor. Globally, increasing the fillet has similar consequences than increasing the effective height of the beam. In the adiabatic side, an increase in the height yields a larger quality factor, whereas in the isothermal side, it yields a lower quality factor.
The effects of anchor are studied on two test cases. One is located on the isothermal side of the quality factor curve. The beam height is set to 4.5 uum. The other one is located on the adiabatic side of the quality factor curve. The beam height is equal to 7 uum. For both cases, the beam width is set to 4.5 uum and the beam length is equal to 45 ,um. Table 1 compares the quality factor, the damping and the resonant frequency with and without anchor for both cases. In both cases, the addition of the anchor decreases the resonant frequency due to an effective lengthening of the beam and decreases the damping due to the reduction of strain and temperature gradient near the anchor to beam interface. Relaxing the strain near the ends of the beam increases the performance of the resonator. In the isothermal case, the decrease in damping is more important than the decrease in resonant frequency, ultimately raising the quality factor. On the other hand, the decrease in damping does not overcome the decrease in the resonant frequency for the adiabatic case, leading to a smaller quality factor.
Fillets are added to the geometry to smooth out the intersection between the beam and the anchors. To study their effect on thermoelastic damping, the quality factor is calculated for two fillet sizes; the radius R is set to 10 and 20 of the beam height. Figures 7 and 8 compare the temperature distribution for the isothermal configuration with a fillet of 0.45 pum and 0.9 pum. The configuration with the larger fillet presents higher temperature gradient at the beam to anchor junction. Table 2 shows the influence The finite element simulations show that the isothermal and adiabatic configurations have completely opposite behaviors. The presence of the anchor decreases the quality factor of the isothermal configuration while it increases the quality factor of the adiabatic configuration. Two radii of the fillet are considered. The simulations shows that the larger the fillet, the higher the quality factor of the isothermal configuration and the lower the quality factor of the adiabatic configuration. The thermoelastic finite element method allows to model complex structures that are not analytically tractable and to study the effect of features such as anchor or fillet which cannot be taken into account in analytical models. It is shown that smoothing the junction between the beam and the anchor can be benefic for some configurations while it can be detrimental in others. 
Influence of Anchor

Conclusions
The application of the finite element method makes possible the determination of the quality factor of complex structures, and it allows a better understanding of the phenomena occurring in thermoelastic vibrations. Due to the strong interaction between the thermal and mechanical fields, the influence of a parameter such as anchor or fillets on the multiphysic behavior of a MEMS is not straightforward. Thanks to the developed finite element approach, the different parameters that influence the behavior of the micro-resonator can be identified, so that the physical phenomena are better understood and the design of the microresonator can be modified in order to improve its quality factor and hence, its performances. On top of that, this study highlights the importance to have tied manufacturing tolerances for the purpose of high-Q micro-resonators fabrication.
